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Abstract
Many approximate dynamic programming approaches replace the value function of a dynamic
program with a lower-dimensional function, then use some method to fit the coefficients in the approximation. The resulting accuracy is governed by the basis functions, or features, used. We propose a
method for selecting basis functions from a large set of candidate functions by minimizing a form of
Bellman error on a simulated trajectory. An efficient algorithm is proposed to solve the resulting least
squares problem. The method is tested in combination with approximate linear programming on average
cost queueing network problems. It performs much better than random selection of functions.
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I. I NTRODUCTION
Approximate dynamic programming (ADP) has been used on a variety of large Markov
Decision Process (MDPs). An important question in these methods is how to choose the approximation architecture when approximating the value function. Indeed, theoretical guarantees
have been established for some algorithms that emphasize the importance of the approximation
architecture. We consider approximations that are linear combinations of a set of basis functions,
or features. Successful applications of ADP generally use basis functions that are chosen for
the specific problem structure, e.g., [1], [2], [3], [4]. However, selecting the basis functions can
require extensive trial and error, even if the problem has a well-understood structure.
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This paper proposes a new method to select basis functions that combines problem-specific
knowledge and simulation. The method is described for average cost MDPs. Any ADP method,
including approximate value iteration, approximate policy iteration, and temporal differences,
could be used once the basis functions are selected. For numerical tests, we use ALP and
queueing network control problems. The algorithm takes as input a large set of candidate basis
functions. It also requires an initial policy. The system is simulated using this policy. Sets of
basis functions are evaluated by computing a best fit to Bellman’s equation for that policy over
the simulated states. This least squares form of Bellman error is used as a surrogate for accuracy.
Each candidate basis function is evaluated by computing the reduction obtained by adding the
function to the current set of functions. The function with the largest reduction is then added
to the approximation architecture. After one or more functions are added in this fashion, the
expanded ALP is solved to obtain a new policy. The new policy is simulated and the process is
repeated.
Each iteration requires solving a least squares problem for each candidate function and solving
the ALP. We show that by using QR decomposition the least squares problem for each additional
function can be solved in a number of steps that is linear in the number of simulated states.
Solving the ALP becomes more difficult as functions are added to the approximation; however,
using a warm start can accelerate these solutions.
The basis function selection method, when combined with ALP using constraint sampling, is
practical for problems with large state spaces. However, the ALP is not practical for problems
with a large number of actions, since they are enumerated in the ALP constraints. The algorithm
is presented assuming that there are a small number of possible transitions out of each state, so
that expectations in the dynamic programming equations can be computed. Additional simulation
could be done to estimate these expectations. Thus, of the three curses of dimensionality described
in [5], our algorithm addresses the first and could be extended to address the third.
The main contribution of this paper is an algorithm to efficiently select basis functions from a
large predefined set for use in ADP. We give heuristic justifications for the algorithm. If there is
an exact candidate function, in the sense that adding it to the approximation allows the differential
cost for the current policy to be fit exactly on the sampled states, then it will be selected by the
algorithm. In numerical tests on queueing networks problems, the algorithm selects functions
that improve accuracy much more than randomly selected functions. We measure accuracy by
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the error in average cost found by the ALP (compared to optimal). The algorithm closes this gap
?? to ??% more than randomly selected functions. The approximation architectures found by the
algorithm are also better than the best approximations found by extensive testing in [6]. The test
problems have at most four buffers and can be truncated to a few million states. Up to 800??
candidate functions are used. The simulation could be used on significantly larger problems.
However, on larger queueing networks the ALP solution time limits the number of functions
that can be added to the approximation.
We do not report performance of the policies found. Unfortunately, the ALP can lead to
policies with arbitrarily bad performance. Using a discounted cost formulation or the modified
ALPs in [7], [4], and [8] allows for performance guarantees and could overcome this limitation.
The extensive ADP literature is surveyed in [9, Chapter 6] and [5]. The design of approximation
architectures is discussed in [9, Section 6.1]. Several approaches to automate the generation of
basis functions have been proposed. Non-parametric, kernel methods are used in [10] for least
squares policy evaluation and in [11] for ALP. Neighborhood component analysis is used to
map into a low-dimensional space, based on the Bellman error, in [12]. The ALP approach
was originally proposed in [13]. For discounted MDPs on a finite state space, [14] shows that
the quality of the cost-to-go function approximation obtained by the ALP is proportional, in a
certain sense, to the quality of the best possible approximation using these basis functions. The
quality of the approximation does not degrade with problem size. A similar bound is obtained
on performance of the policy implied by the ALP. They use constraint sampling, which is shown
to be probabilistically accurate in [15]. These results are extended in [4] to a Lagrangian form of
the ALP that is potentially more accurate. Some accuracy guarantees for average cost problems
are given in [7] and [8].
The next section formulates the MDP and ALP. Section 3 introduces a form of sampled
Bellman error and an associated least squares problem. Section 4 solves the least squares problem
using QR decomposition. The algorithm is summarized in Section 5 and numerical results are
presented in Section 6, with some details deferred to the Appendix. Section 7 concludes.
II. AVERAGE COST MDP S AND APPROXIMATE

LINEAR PROGRAMMING

Consider a discrete time MDP xt with a finite state space S and a finite set of actions A(x)
available in state x. Under a stationary Markov policy u(x), the state process is a Markov chain
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with transition probability matrix Pu = pu(x) (x, y) . A nonnegative cost g(x, a) is incurred
when action a is taken in state x. For shorthand, use the notation
(Pu h)(x) =



pu(x) (x, y)h(y).

y∈S

The average cost under a stationary policy u is

T −1


1
λu = lim sup Ex,u
gu (xt ).
T →∞ T
t=0

Here Ex,u denotes expectation given the initial state x0 = x and policy u. Assume that for each
u this value is independent of x. This assumption essentially imposes a unichain structure on
the resulting Markov chains; see Bertsekas [9, Section 4.2]. Bellman’s equation for this problem
is
min

u(x)∈A(x)

g(x, u(x)) + (Pu h) (x) − h (x) = λ.

(1)

Note that if (λ, h) solves (1), then so does (λ, h + k1) for any additive constant k. One choice
of this constant is made by the bias function, defined for policy u as
T

hu (x) = lim inf Ex,u
[g(xt ) − λu ].
T →∞

t=0

Another choice is the differential cost hu (x) − hu (0), which is zero in some reference state
x = 0. There exists an optimal stationary policy with average cost λ∗ and bias h∗ that satisfy
(1); see, e.g., Puterman [16, Theorem 8.4.3].
Bellman’s equation is equivalent to the following linear program (see [9, Section 4.3.3]):
max λ

(2)

λ,h

s.t. g(x, a) +



pa (x, y)h(y) − h(x) ≥ λ for all a ∈ A(x) for all x ∈ S.

y∈S

To create a more tractable LP, the differential cost is approximated by

(Φr)(x) =

K


rk φk (x)

(3)

k=1
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using some small set of basis functions φk and variables rk . Substituting into (2) gives the
approximate linear program
(ALP)

max λ
λ, r

s.t. g(x, a) +



pa (x, y)(Φr)(y) − (Φr)(x) ≥ λ1 for all a ∈ A(x) for all x ∈ S.

y∈S

(ALP) is feasible and, since it is equivalent to (2) with the constraint J = Φr added, its objective
function is bounded above. Let (λALP , rALP ) be an optimal solution. For any (λ, h) feasible for
(ALP), λ is a lower bound. In particular, λALP ≤ λ∗ ; see Puterman [16, Theorem 8.4.1].
An h-greedy policy is



uh (x) ∈ arg min g(x, a) + α
a∈A(x)





pa (x, y)h(y) .

y

(4)

In particular, the policy associated with (ALP) is a ΦrALP -greedy policy uALP .
III. S AMPLED B ELLMAN

ERROR

We would like to assess the quality of an approximation architecture without solving (ALP),
so that we can select among many possible architectures. Given any (λ, h), Bellman error is
defined as
B λ,h (x) =

min

u(x)∈A(x)

g(x, u(x)) − λ + (Pu h) (x) − h (x) .

(5)

If (λ, h) satisfy the constraints (ALP) then
1) B λ,h (x) ≥ 0 is the minimum slack of constraints for that x.
2) Euh (B λ,h ) = λuh − λ, i.e., expected Bellman error with respect to the h-greedy policy is
the suboptimality of that policy.
Thus, Bellman error should be related in some fashion to the accuracy of the ALP. To allow
for two-sided error, we will use squared Bellman error over a sample path x0 , . . . , xT −1 and use
h = Φr. Define
f(r) =

T −1


B λ,Φr (xt )2

(6)

t=0

where r = (λ, r). Then minr f(r) can be used to measure the quality of the approximation

architecture Φ. Let r∗ be a value of r that minimizes (6).
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A more tractable measure is obtained by eliminating the minimum over u. This is equivalent
to assuming that uALP is also Φr∗ -greedy. The result is the least squares problem minr f(r)
where

T −1

f(r) =
(g(xt , uALP (xt )) − λ + (PuALP Φr) (xt ) − Φr (xt ))2 .

(7)

t=0

Consider adding one basis function, φ0 , so that h = Φr + r0 φ0 . The least squares problem for
this architecture is
min f (r, r0 ).
r,r0

(8)

We will solve (8) for each candidate function φ0 in order to measure its contribution to the
approximation architecture.
As a heuristic justification for (8), first note its large sample behavior. Let Buλ,h denote Bellman
error as in (5) but for the fixed policy u. Because the Markov chain for any policy is unichain,
it is ergodic and



1
f (r) = Eu Buλ,Φr (x)2
T →∞ T
with probability one. By restricting r to a compact set, this convergence can be made uniform
lim

over r so that



1
min f (r) = min Eu Buλ,Φr (x)2
r
r
T →∞ T
with probability one. Thus, for a sufficiently long simulation, (8) will select the same function
lim

as if the stationary distribution was used.
Second, let hALP be the differential cost for policy uALP and suppose that there is a function
φ0 such that hALP (xt ) = (Φr +r0 φ0 )(xt ) for t = 0, ..., T −1 for some (r, r0 ). Then the minimum
in (8) is zero and this function, or some other function with the same property, will be selected
by the least squares procedure. Furthermore, consider (ALP) with just the constraints for states
x0 , . . . , xT −1 and use the augmented approximation Φr + r0 φ0 . In this version of (ALP), λu
and the values of (r, r0 ) that minimize (8) are feasible. Thus, if there is a basis function that
provides a perfect approximation on the sampled states for the current policy, such a function
will be chosen. In the idealized setting where the policy has converged to optimal and the set of
sampled states is sufficiently rich, λ∗ will be optimal for (ALP), i.e., the exact optimal average
cost will be found. Although we are interested in problems where no perfect approximation is
likely, this behavior suggests that if there are functions that improve λALP , they will be selected,
particularly after a good policy has been found.
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IV. QR DECOMPOSITION FOR THE LEAST

SQUARES PROBLEM

This section shows that the least squares problem (8) can be solved efficiently for a large
number of candidate basis functions using QR decomposition. Corresponding to (8) is an overdetermined linear system. Even though the systems are overdetermined and have least-squares
solutions, many of them will have a rank-deficient matrix and so do not have a unique solution.
The QR decomposition provides an efficient method to solve these systems, producing the leastsquares solution with minimum norm [17], [18]. The key idea is that because these systems differ
by a single matrix column, corresponding to the candidate basis function, the majority of the
work in the decomposition need be done only once. See [19] and chapter 12 in [20].
For the least squares problem (7), the linear system is Ar = b, where bt = −g(xt , uALP (xt ))
for t = 0, . . . , T − 1 and A is a T × (K + 1) matrix. The rows of A are numbered from 0 to
T − 1 so that they are indexed by t. The column for the variable λ contains −1 and the column
for the variable rk contains the entry [(PuALP − I)φk ](xt ) in row t. Recall that T is the length of
the sample path and K is the number of basis functions in the current approximation. Permute
the columns of A so that s = rank(A) linearly independent columns come first (for notational
simplicity, assume this is true of A and number these columns 1 to s). The decomposition yields
A = QR where Q is an orthogonal matrix and


R11 R12
,
R=
0
0

with R11 s × s, nonsingular, and upper triangular. Then R = QT A.
Now add the function φ0 , by inserting the column a, corresponding to φ0 , after the linearly
independent columns of A. Let Ai:j be the matrix formed by columns i through j of A. The
augmented matrix is
A = [A1:s a As+1:K+1 ] ,
the variables are r = (r1:s , r0 , rs+1:K+1 )T , and the linear system corresponding to (8) is
Ar = b.
Observe that

(9)










R11
R
 QT aj  12  .
QT A = QT A1:s QT a QT As+1:K+1 = 
0
0
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The entries below the first s + 1 rows in the column QT a can be eliminated with a Givens
rotation represented by the orthogonal matrix G:




R
R
11
 GQT a  12  .
GQT A = 
0
0

(10)

This matrix is upper triangular and GQT is orthogonal as both Q and G are orthogonal. Thus,

A = QR where Q = QGT and R is the matrix in (10).
Finally, as in [17], an orthogonal matrix Z and an upper triangular (s + 1) × (s + 1) matrix
T11 can be found such that



Once this is done (9) can written as

The minimum norm solution is

R=


QGT 

T11 0
0

0

T11 0



r = ZT 

0

0



 Z.



 Z r̂ = b.

−1
T11

0

0

0



 GQT b.

In our application T  K. The QR factorization operation count in this case is O(K 2 T ).
−1
Only the Givens rotation, T11
, and r must be computed for each candidate function φ0 , requiring

only O(K 3 ) operations. Since K, the number of basis functions in the current approximation,
is incremented at each iteration, the algorithm is faster in the early iterations and slows down
as it progresses.
V. BASIS FUNCTION

SELECTION ALGORITHM

In this section we describe an algorithm using the Bellman error criterion to iteratively
expand the approximation architecture. At each step there is a set F of basis functions in the
approximation architecture and a set C of additional candidate basis functions.
Initialization. Choose the candidate functions and divide them into the initial approximation F
and the other candidates C. Choose a distribution π on S, the number of simulations N, the
simulation length T , an initial policy u, a number of functions to add per iteration m, and a
number of iterations.
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Iteration.
1) Generate N sample paths of length T : sample x0 from the distribution π, simulate x1 ,
x2 , . . . , xT −1 using policy u.
2) For each function j ∈ C, solve the least squares problem min f (r, rj ).
3) Add the function j with smallest minimum in step 2 to the approximation: F = F ∪ {j}
and C = C\{j}.
4) Repeat steps 2 and 3 until m functions have been added.
5) Update the policy u using the approximation architecture F .
The least squares coefficients (r∗ , rj∗ ) from step 2 could be used to obtain a greedy policy in step
5. However, using a more involved ADP method seems likely to produce a better policy. We
solve (ALP) to find the policy, once with the initial F and in step 5 at each iteration. Solving
(ALP) also provides the average cost lower bound λALP which could be used in a stopping
criterion.
VI. N UMERICAL

RESULTS

The algorithm was tested on several queueing network control examples from the literature.
In all of these examples, the state is x = (x1 , ..., xn ) ∈ Z+n , where xi is the number of jobs in
buffer, or class, i. Each server can serve a class among some set of classes or idle. Preemption is
allowed. Interarrival and service times are independent and exponentially distributed with rates
αi and µi at class i. The cost rate is cT x for some vector c > 0. The problems are converted to
discrete time by uniformization.
First, the algorithm was tested on a single queue. There are two actions, idle or serving, and
it is optimal to serve whenever a job is present. For this problem, h∗ is quadratic. Using a linear
function as the initial approximation, the algorithm correctly chose the quadratic term out of
12?? functions in the first iteration, resulting in a perfect fit to h∗ . Parameters for the other
examples are listed in Table I, where the maximum of the server utilizations is also shown.
The network topologies for the first two examples are shown in Figures 1 and 2. For the series
line, jobs arrive at class 1 and move to class 2, (and 3 and 4) before exiting. Several types of
candidate basis functions were used, as described in the Appendix. The initial approximation F
consisted of general quadratic functions except as noted.
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α

µ

c

ρmax

3-class reentrant line

0.1429

0.6, 0.16, 0.25

1, 1, 1

0.89

Rybko-Stolyar network

0.0672, 0.0672

0.12, 0.12, 0.28, 0.28

1, 1, 1, 1

0.8

2-class series line

1

1.5, 1.25

1, 2

0.8

4-class series line

0.8

1.3, 1.2, 1.1, 1.0

1, 4/3, 5/3, 2

0.8

TABLE I
PARAMETERS FOR THE EXAMPLES

α1
µ1

µ2

µ3

Fig. 1.

Three-class reentrant line.

The optimal average cost was found using value iteration on a truncated state space. The
ALP was solved using the truncation x ≤ (400, 400) for the two-class series, x ≤ (20, 40,
20) for the three-class reentrant line, constraint sampling with 100, 000 constraints for the fourclass series line, and sampling with 500, 000 constriants for the Rybko-Stolyar network. All
examples used N = 500 sample paths, each of length T = 100, for a total of 50, 000 simulated
states. The initial state distribution was an independent geometric distribution for each class with

α1

Fig. 2.

µ1

µ2

µ4

µ3

α3

The Rybko-Stolyar network.
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parameter 0.8. This parameter and N determine the amount of exploration of the state space,
beyond states visited by the greedy policy. In our tests some exploration helped, particularly in
the early iterations of the algorithm, but most values gave similar results. Only m = 1 function
was added at each iteration of the algorithm. Although this increases the amount of time spent
solving ALPs, it provides the best assessment of how well the algorithm can select functions.
The ALP was solved using CPLEX version 10 on a 64-bit, 3.4 GHz processor with 6 GB of
RAM. ??update or omit??
The algorithm for selecting candidate functions was compared with randomly selecting functons. Eight runs of each were made and the results averaged. Figures ?? and ?? show the
variability between runs for the two-class series line, starting with only linear functions. The
vertical axis, λ/λ∗ , shows the accuracy of the ALP lower bound on optimal average cost. Random
function selection has more variability, but the average of eight runs appears to be reasonably
accurate for both graphs. Figure ?? shows these averages and the result of solving multiple ALPs
at each iteration, one with each candidate function added, and choosing the function that gives
the largest average cost. This result is what the algorithm would achieve if the Bellman error
was a perfect surrogate. ??need full ALP?? The algorithm graph rises quickly, showing that it
chooses important functions in the early iterations, but does not rise quite as fast as the graph
when the best functions are chosen.
Figures ??, ??, and ?? show similar results for the three-class, four-classs series, and RybkoStolyar networks. Although these examples are too large to find the best function to add, the
graphs show that the algorithm doe smuch better than random functions selection. In Figure
?? and ??, the graphs eventually meet because all functions were added; in Figure ?? the run
was stoppped at 114 of 194 functions. The erratic behavior in ?? is due to numerical issues in
solving the larger ALPs; we did not investigate further because the smaller approximations are
of more interest. The algorithm does not do quite as well on the Rybko-Stolyar network, which
is more difficult to approximate.
Results also depend on the candidate approximating functions. The functions used are described below; see the Appendix for definitions.
The functions were identified in [21] by comparing the accuracy of several sets of functions;
our algorithm identifies smaller sets that have nearly the same accuracy. We also tested the
algorithm on larger sets of functions, created by combining the types used above and varying
DRAFT
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Head

Head

Head

entry

entry

entry

entry

entry

entry

entry

entry

entry

TABLE II
RUN TIMES

their parameters. Figures ?? and ?? show that the algorithm again does much better than random.
However, these graphs do not climb as steeply as those with fewer candidate functions. When
more functions are present, most of which are not very useful, the algorithm does not find as
good of functions.
Run times using the algorithm ranged from ?? for the three-class reentrant line with 92 iterations (92 candidate functions) to ?? for the Rybko-Stolyar network with ?? iterations (?? candidate
functions) ??RScombined2?? Even though 10,000 states were simulated at each iteration, most
of the time in large runs is spent solving the ALP (?? and ??% for these two runs, respectively).
.
VII. C ONCLUSION
TBD
A PPENDIX : BASIS FUNCTIONS
The following basis functions are used for the queueing network examples. Recall that n is
the number of classes, or buffers.
(i)

Quadratic functions. A general quadratic requires n(n + 1)/2 + n functions.

(ii)

Exponential functions. There are n2 + n funcitons of the form
φi (x) = β xi i
φij (x) = xj β xi
where β i < 1.

(iii)

Rational functions. Higher-order terms, e.g., x1 x2 x3 or x21 x22 , would be a natural choice.
However, the functions need to be bounded by a quadratic, so we divide by a suitable
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polynomial of degree two less than the numerator. Also, instead of using different
powers, i.e., 1, xi , x2i , we use fi,1 (xi ) = x2i , fi,2 (xi ) = xi (Ni − xi )+ , fi,3 (xi ) =
[(Ni − xi )+ ]2 , where x+ = max{x, 0}. Note that fi,2 and fi,3 are zero beyond Ni . The

(iv)

three choices for fi,j lead to 3n rational functions
n
i=1 fi,j(i) (xi )
φ(x) =
,
n
2(n−1)
(1 + i=1 xi /Ni )

j(i) = 1, 2, 3.

Piece-wise quadratics. Instead of a uniform grid, define rectangular regions that collect
states into sets that grow exponentially as queue length grows. Let S(y) = {x : 2yi −1 −
1
2

≤ xi < 2yi , i = 1, . . . , n} for all y ∈ Z+n such that z = 0 and 0 ≤ yi < M for some

M . These nM − 1 sets cover the states (excluding the origin) with xi < 2M −1 , dividing
each xi into the sets {0}, {1}, {2, 3}, {4, 5, 6, 7}, etc. A general quadratic (or linear)
function is used in each S(y). The number of basis functions is roughly nM n2 /2.
However, if yi = 0 or 1, then the linear and quadratic terms involving xi are not
needed because there is only one value of xi in S(y) and if yi = 2, then the linear
term involving xi is not needed. Also, we remove the upper bound when yi = M − 1,
so that the sets cover all of Z+n .
(v)

Functions of one or two variables. Consider a differential cost approximation of the
form
h(x) =

n


hi (xi )

(11)

i=1

using functions of one variable. To parameterize hi , use the indicator functions φj (xi ) =
1{xi =j} and let
hi (xi ) =

M
−1


rij φj (xi ) + ri0 φ0 (xi ).

(12)

j=0

Note that hi (x) is arbitrary for x < M and has the form φ0 for x ≥ M . This
parameterization is used in [3] with φ0 (xi ) = xi ln xi , which we include in our tests.
The number of functions in (11) is linear in the number of classes, so that it is suitable
for large problems. We use an ad hoc modification of (11) to improve accuracy: replace
the indicator functions φj with


φj (x) = 1{xi =j} 1 + γ|x(i) |2 B |x(i) |
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where |x(i) | =



k=i

xk and γ ≥ 0, B ≤ 1 are parameters to be chosen. Setting γ = 0

and B = 1 recovers the indicator functions. Finally, we consider functions of the two

variables xi and nj=i+1 xj , known as the echelon inventory, for i = 1, ..., n − 1.
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