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This paper uses approximate linear programming (ALP) to compute average cost bounds for queueing network
control problems. Like most approximate dynamic programming (ADP) methods, ALP approximates the
differential cost by a linear form. New types of approximating functions are identiﬁed that offer more accuracy
than previous ALP studies or other performance bound methods. The structure of the inﬁnite constraint set is
exploited to reduce it to a more manageable set. When needed, constraint sampling and truncation methods
are also developed. Numerical experiments show that the LPs using quadratic approximating functions can be
easily solved on examples with up to 17 buffers. Using additional functions reduced the error to 1–5% at the
cost of larger LPs. These ALPs were solved for systems with up to 6–11 buffers, depending on the functions
used. The method computes bounds much faster than value iteration. It also gives some insights into policies.
The ALPs do not scale to very large problems, but they offer more accurate bounds than other methods and the
simplicity of just solving an LP.
& 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Queueing networks are a common modeling framework for
manufacturing, computer, and communication systems. Even
under the simple assumptions of exponentially distributed service
and interarrival times, a multiclass network (MQNET) structure,
linear holding costs, and sequencing and routing control, the
optimal control problem is NP-hard so that we cannot hope to
solve large instances exactly [1]. In fact, only examples with a
handful of buffers have been solved, particularly in heavy trafﬁc.
This paper develops approximate linear programming (ALP) algorithms for these problems. A sequence of lower bounds on average
cost are computed by solving LPs with an increasing number of
variables. Policies obtained from the ALP are also considered.
A practical use of the lower bounds is benchmarking the many
heuristic policies that have been proposed. To be useful for benchmarking, the bounds must be within a few percent of optimal. The
candidate policy can then be simulated to estimate its average cost. If
the difference between the lower bound and candidate policy is small,
we may conclude that the policy is close to optimal. Available bounds
[2,3] are generally not that accurate. Other justiﬁcations of heuristic
policies such as stability or showing asymptotic optimality under
heavy trafﬁc or ﬂuid scaling do not measure suboptimality. Motivated
by the need for benchmarking, we develop ALP bounds that are more
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accurate than prior bounds, at the expense of more computation, and
are computable for moderate-sized networks.
The ﬁrst contribution of this paper is identifying good approximating functions for the differential cost. All approximate dynamic
programming (ADP) methods must choose a compact approximation
architecture, which is crucial to the accuracy of the method. For
queueing networks, Refs. [4,5] use quadratic and cubic approximations, Ref. [6] uses functions of one variable, and Ref. [7] uses linear
functions. In our tests on average cost problems, these architectures
often gave inaccurate lower bounds. Various analyses and numerical
testing led to the following types of functions: (i) quadratics, (ii)
exponential decay, (iii) piece-wise quadratics, with the regions taken
from the associated ﬂuid model, (iv) rationals, (v) piece-wise quadratics on a variable grid, and (vi) functions of one or two variables.
Compared to earlier studies and other functions we tested, these
functions offer a better trade-off between accuracy and the number of
functions. By judiciously adding some of them to the ALP, errors of 1–
5% were achieved on all test problems where optimality could be
computed. The number of functions needed to achieve these small
errors appears to be exponential in the number of buffers, which is to
be expected given the difﬁculty of the problem. In comparison, the
traditional method of using dynamic programming on a truncated
state space requires orders of magnitude more states than the ALP
method requires functions for the same accuracy. Thus, the approximation architectures are more compact than the original problem, but
not scalable to large systems.
Several factors inﬂuenced the choice of approximating functions.
Queueing network problems suffer from two of the three “curses of
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dimensionality” described in [8]: large state spaces and a large number
of actions. The number of transitions, however, is small, making the
resulting LP sparse for certain approximating functions. The functions
(i), (ii), (iii), and (vi) are also appealing because they allow some degree
of constraint reduction, described below. Quadratic functions, and
particularly the piece-wise quadratics (iii), are motivated by considering the associated ﬂuid model.
The second contribution of this paper addresses solving the ALPs,
which contain one variable for each approximating function and one
constraint for each state-action pair. To create an LP with a manageable number of constraints, several authors use constraint sampling.
Although this method has theoretical support [9] and is used on the
game of tetris in [7], it has serious limitations in our numerical tests.
As an alternative, we provide new methods of reducing the number of
constraints that exploit their structure. The number of reduced
constraints varies, but is always proportional to the number of actions,
which for many networks is exponential in the number of buffers. To
accommodate general functions and larger problems, we also use
constraint sampling and hybrid approaches.
We also brieﬂy address the policies associated with the differential cost approximations. We report some cases where the ALP
gives a useful policy and relate the approximation architecture to
the form of policy obtained. A ﬁnal contribution is that we relate
error in the differential cost approximation, as measured by
expected Bellman error, to the accuracy of the ALP average cost.
The method applies to a broad class of queueing control
problems, modeled as Markov decision processes (MDPs). Tests
included problems with reentrant ﬂow, arrival routing, probabilistic routing, and cross-trained servers. Accuracy was tested on
networks with up to six buffers, where the optimal solution could
be computed. ALPs were also solved for an 11-buffer manufacturing network and series lines with up to 17 buffers. These tests used
software that does not include all of the constraint reduction
methods. Signiﬁcant speed-ups could be achieved by implementing more constraint reduction or using customized LP algorithms
as in [7]. However, our software has the advantage of being very
general and using commercial LP solvers. The general approach
should be useful for other MDPs on high-dimensional state spaces.
An average cost objective is used for several reasons. In many
applications, a long time horizon is more realistic and avoids
having to choose a discount rate. Furthermore, the optimality
equations can be written using difference operators, facilitating
constraint reduction. The average cost problem can also be related
to the ﬂuid model, giving some guidance in the choice of
approximating functions.
The ALP approach was originally proposed in [10]. For discounted
MDPs on a ﬁnite state space, Refs. [11,7] provide an error bound for
the ALP value function. In particular, a suitable weighted norm of the
error is bounded by the minimum of this error norm over the space
of approximating functions, multiplied by a constant that does not
depend on problem size. Similar bounds are given on performance of
the policy implied by the ALP value function. Constraint sampling is
shown to be probabilistically accurate in [9]. Bounds for average cost
problems are given in [4,12,13]. In [14], column generation methods
are used to solve average cost ALPs more efﬁciently. Constraint
reduction for quadratic and piece-wise quadratic functions is used
in [15,16]. They consider a different quadratic on each set of states
deﬁned by which buffers are empty. We extend this method to
consider the piece-wise quadratic functions (iii), which are deﬁned
on afﬁne sets of states. We also develop a new method of reducing
constraints for certain exponential functions. Our constraint reduction for (vi) is based on the notion of factored value functions and
MDPs, introduced in [17]. Constraint reduction for factored problems
is used in [18–20].
Given a set of approximating functions, many ADP methods
have been proposed for approximating the value function as a
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linear combination of these functions. However, simulation-based
methods, such as least squares temporal difference, tend to require
customization to the speciﬁc problem. See [21, Chapter 6] for a
survey and [8] for detailed coverage. We focus on the ALP
approach because of the approximation guarantees described
above and the simplicity of just solving an LP. The smoothed ALP
method of [7] seeks to improve the accuracy of the ALP with
discounted cost through a Lagrangian relaxation. Promising results
are given for a small queueing network, but only linear approximating functions are tested. The information relaxation, or
martingale duality, approach [22,23] has been applied to inventory
control and option pricing. It solves a deterministic version of the
problem, where future random events are known, for repeated
simulation paths. The method requires an estimate of the value
function. Optimizing over all value functions in an approximation
architecture leads to a convex “outer” optimization problem
[24,25]. As noted in the last reference, this dual method dominates
the ALP bound (for discounted cost problems), however, it is only
tractable when the deterministic inner problem has a simple
structure, which is not true of queueing networks.
The rest of this paper is organized as follows. Section 2 deﬁnes the
MQNET sequencing problem and the associated ﬂuid control problem and Section 3 describes average cost ALPs. In Section 4 the
various approximating functions are introduced. Constraint reduction
for some of these functions is presented in Section 5. Numerical
results are presented in Section 6, and Section 7 concludes.

2. Open MQNET sequencing
In this section we describe the standard MQNET model and the
ﬂuid model associated with it. The results in Sections 3 and 5 can
be extended to more general stochastic processing networks; the
examples in Section 6 include the additional features of arrival
routing and servers with overlapping job classes. There are n job
classes and m resources, or stations, each of which serves one or
more classes. Associated with each class is a buffer in which jobs
wait for processing. Let xi(t) be the number of class i jobs at time t,
including any that are being processed. Class i jobs are served by
station σ ðiÞ. The topology of the network is described by the
routing matrix P ¼ ½pij , where pij is the probability that a job
ﬁnishing service at class i will be routed to class j, independent of
all other history, and the m  n constituency matrix with entries
C ji ¼ 1 if station j serves class i and C ji ¼ 0 otherwise. If routing is
deterministic, then pi;sðiÞ ¼ 1, where s(i) is the successor of class i. If,
in addition, routes do not merge then either ppðiÞ;i ¼ 1, where p(i) is
the unique predecessor of class i, or i has no predecessor.
Exogenous arrivals occur at one or more classes according to
independent Poisson processes with rate αi in class i. Processing
times are assumed to be independently exponentially distributed
with mean mi ¼ 1=μi in class i. To create an open MQNET, the
routing matrix P is assumed to be transient, i.e., I þ P þ P 2 þ ⋯ is
convergent. As a result, there will be a unique solution to the
trafﬁc equation

λ ¼ α þP 0 λ
given by

λ ¼ ðI P 0 Þ  1 α:
Here λi is the effective arrival rate to class i, including exogenous
arrivals and routing from other classes, and vectors are formed in
the usual way. The trafﬁc intensity is given by

ρ ¼ C diagðm1 ; …; mn Þλ
that is, ρj is the trafﬁc intensity at station j. Stability requires that ρ o 1.
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The network has sequencing control: each server must decide
which job class to work on next, or possibly to idle. Preemption is
allowed. Let ui ðtÞ ¼ 1 if class i is served at time t and 0 otherwise.
Admissible controls are nonanticipating and have

of h(x). The motivation for this approximation is [27, Theorem 7
(iv)], based on [28, Theorem 5.2]. It establishes the following
connection between the stochastic and ﬂuid cost functions:

CuðtÞ r 1
ui ðtÞ r xi ðtÞ:

lim sup
‖x‖-1

The ﬁrst constraint states that server's allocations cannot exceed
one; the second prevents serving an empty buffer.
The objective is to minimize long-run average cost
Z T
1
c0 xðtÞ dt:
Jðx; uÞ ¼ lim sup Ex;u
T-1T
0
Here Ex;u denotes expectation given the initial state xð0Þ ¼ x and
policy u. Consider only stationary Markov policies and write
uðtÞ ¼ uðxðtÞÞ. We use the uniformized, discrete-time Markov chain
Pn
and assume

that the potential event rate is i ¼ 1 ðαi þ μi Þ ¼ 1. Let
P u ¼ pu ðx; yÞ be the transition probability matrix under policy u
and use the notation
X
pu ðx; yÞhðyÞ:
ðP u hÞðxÞ ¼
y

Let AðxÞ be the set of feasible controls in state x and A be their union.
Under the condition ρ o 1, the control problem has several
desirable properties:

jhn ðxÞ V ðxÞj
¼ 0:
‖x‖2

ð3Þ

See [30] for discussion of the policy implications. A scaling
argument shows that V grows quadratically in any direction:
2
VðθxÞ ¼ θ VðxÞ. Motivated by examples, we assume that this
quadratic structure consists of ﬁnitely many “pieces,” i.e.,
VðxÞ ¼ 12 x0 Q k x;

x A Sk

ð4Þ

for some partition S1 ; …; Sκ of
hn ðxÞ ¼ 12 x0 Q k x þ oðjxj2 Þ;

Rnþ .

Combining (3) and (4)

x A Sk :

ð5Þ

The scaling property of V implies that each Sk can be chosen to
be a cone, i.e., if Sk contains x, it also contains θx, θ 4 0. Because V
is continuous, we can assume that each Sk has full dimension. The
optimal ﬂuid policy also inherits this property if ties are broken
appropriately. Hence, the control switching sets where the control
is constant are also cones. We further assume that each Sk is
convex and polyhedral (but are not aware of a proof).

3. Approximate LP: average cost bounds
1. An optimal policy exists and its average cost is constant,
J n ¼ minu Jðx; uÞ for all x.
2. There is a solution Jn and hn to the average cost optimality
equation
J þ hðxÞ ¼ c0 x þ min ðP u hÞðxÞ:

ð1Þ

u A AðxÞ

3. Under the additional condition that h is bounded below by a
constant and above by a quadratic, there is a unique solution Jn
and hn to (1) satisfying hn ð0Þ ¼ 0. Furthermore, Jn is the optimal
average cost, any policy
un ðxÞ ¼ arg min ðP u hn ÞðxÞ

T-1

0

ð2Þ

0

Properties (1) and (2) can be established using general results for
MDPs as in [26, Theorems 7.2.3 and 7.5.6]. For networks, properties
(1) and (2) are shown in [27, Theorem 7]; (3) is obtained by
applying standard veriﬁcation theorems to networks; see, e.g., [28,
Theorem 2.1 and Section 7] and [29, Theorem 10.7].
A natural starting point in approximating the differential cost
function is the associated ﬂuid model. In this model all transitions
are replaced by their mean rates and a continuous state qi ðtÞ A R þ
is used. The ﬂuid control problem corresponding to (1) is
Z T
c0 qðtÞ dt
ðFCPÞ VðxÞ ¼ min
u

ðLPÞ

max
J;h

s:t:

J

J þ hðxÞ r c0 x þ ðP u hÞðxÞ

for all x A Znþ ; u A AðxÞ

hð0Þ ¼ 0:
An additional condition on h is needed because of the countable
space: for some L1 ; L2 4 0

u A AðxÞ

is optimal, and hn is the differential cost of this policy


Z T
Z T
c0 xðtÞ dt  E0;un
c0 xðtÞ dt :
hn ðxÞ ¼ lim sup Ex;un

This section describes the approximate linear program which
approximates the differential cost and places a lower bound on
average cost. We also show that the error in this bound is related to
Bellman error. For problems with ﬁnite state spaces and Jn independent of the initial state, an inequality relaxation of Bellman's equation
gives an equivalent LP in the same variables (see, e.g., [21])

0

_ ¼ BuðtÞ þ α
qðtÞ
CuðtÞ r 1
qð0Þ ¼ x
qðtÞ Z 0; uðtÞ Z 0
where α ¼ ðα1 ; …; αn Þ0 and B ¼ ðP 0  IÞ diagðμ1 ; …  μn Þ. For each
initial state the time horizon T is chosen such that qðtÞ ¼ 0 for
all t ZT. The ﬂuid cost V(x) guides some of our approximations

 L1 rhðxÞ r L2 ð1 þ jxj2 Þ:

ð6Þ

The equivalence is shown in [15]; see [31, Prop. 9.2.11] for a general
MDP setting.
This exact LP has one variable for every state. To create a
tractable LP, the differential cost can be approximated by a linear
form
hn ðxÞ 

K
X

r k ϕk ðxÞ ¼ ðΦrÞðxÞ

ð7Þ

k¼1

using some small set of basis functions ϕk and variables rk. Assume
that ϕk ð0Þ ¼ 0. The resulting approximate LP is
ðALPÞ
s:t:

J ¼ max
J;r

J

J þ ðΦrÞðxÞ rc0 x þ ðP u ΦrÞðxÞ

 L1 rðΦrÞðxÞ r L2 ð1 þ jxj2 Þ

for all x A Znþ ; u A AðxÞ

for all x A Znþ :

The bounds L1 and L2 may depend on r; all that is needed is that
the bound applies to each ϕk. Since (ALP) is formed by adding the
constraints h ¼ Φr to the exact LP, the exact LP is a relaxation.
Hence, (ALP) gives a lower bound, J n Z J . (ALP) is feasible, so it has
an optimal solution, say rn. By reversing the ﬁrst inequality in
(ALP) and restricting the class of policies, one can compute an
upper bound on the average cost of these policies. This upper
bound is used to check stability of, say, all nonidling policies.

M.H. Veatch / Computers & Operations Research 63 (2015) 32–45

Any differential cost approximation h deﬁnes an h-greedy
policy
uh ðxÞ ¼ arg min ðP u hÞðxÞ:
u A AðxÞ

The approximation architecture Φ restricts the greedy policy to a
certain class of policies. For example, a quadratic approximation
architecture implies linear boundaries between control regions.
It is not obvious that (ALP) will provide a good approximation Φr n
to the differential cost hn. We use (ALP) primarily to estimate Jn.
However, the proposition below provides some connection between
approximating hn and approximating Jn. Given any J and h, Bellman
error is deﬁned as
BðxÞ ¼ min ðP u hÞðxÞ hðxÞ þ c0 x  J:
u A AðxÞ

ð8Þ

If J; h satisfy the constraints (ALP) then BðxÞ Z 0.
Proposition 1. For any J; r, let h ¼ Φr and let u~ be an h-greedy
policy. In addition to (6), assume
A1. u~ is stabilizing. Let Eu~ denote expectation with respect to a
~
stationary distribution for policy u.
A2. J u~ o 1 and Eu~ ðBÞ o1.
Then
J ¼ J u~  Eu~ ðBÞ:

ð9Þ

Proof. Since u~ achieves the minimum in (8)
BðxÞ ¼ ðP u~ hÞðxÞ  hðxÞ þ c0 x  J:

ð10Þ

Taking expectations
Eu~ ðBÞ ¼ Eu~ ½ðP u~ hÞðxÞ  hðxÞ þ c0 x  J
¼ Eu~ ½c0 x  J
¼ J u~ J:
The crucial second equality above holds by Proposition 8.2.5 of
[31], which requires A2 and the growth condition (6).□
The signiﬁcance of (9) is that
J n  J ¼ Eu~ ðBÞ  ðJ u~  J n Þ:

ð11Þ

In words, the average cost error decomposes into the expected
Bellman error under this policy minus its suboptimality. Given an
approximation architecture for which the suboptimality is relatively small, this suggests a criteria for selecting functions to add to
the approximation: They should address Bellman error in states
with a large contribution to its expectation.

4. Differential cost approximation
This section deﬁnes and motivates the functions
approximate the differential cost.
(i) Quadratic functions
A quadratic approximation will be written
hðxÞ ¼ 12 x0 Qx þ px

ϕk used to

ð12Þ

where Q ¼ ½qij  is symmetric. For convenience, the variable names
qij and pi will be kept rather than mapping them into rk.
(ii) Exponential functions
Graphs of hn and the importance of states with small xi led us to
use the functions

ϕi ðxÞ ¼ βxi i
ϕij ðxÞ ¼ xj β

ð13Þ
xi

ð14Þ
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where βi o1. Greedy policies for the approximation (13) include
more realistic policies than the linear switching curve policies that
result when h is quadratic. For example, consider adding just rϕ2
to the quadratic (12) for the series queue. Server 1 is busy in the
greedy policy when
hðx  e1 þ e2 Þ  hðxÞ ¼ ðq12  q11 Þx1 þ ðq22  q12 Þx2 þ 12 ðq11 þ q22 Þ
 q12  p1 þ p2 rð1  βÞβ 2 o 0:
x

ð15Þ

Solving this ALP numerically often leads to q22 ¼ q12 and r 1 o 0;
then (15) reduces to
x2 o lnðx1 þ AÞ=ln β þ B
for some A and B. Numerical experience and [32] suggest a logarithmic
form to the optimal switching curve. Thus, the approximation
architecture has the potential to produce realistic switching curves;
see Section 6.4.
(iii) Piece-wise quadratic on cones
A piece-wise quadratic function on the same regions as the
ﬂuid cost (4) is
hðxÞ ¼ 12 x0 Q k x þ ðpk Þ0 x þ f ;
k

x A Sk :

ð16Þ

The regions Sk are found in Section 5.3 for an example with three
classes. For large problems, ﬁnding the ﬂuid policy or fSk g becomes
intractable but heuristics could be used to partition the state space.
(iv) Rational functions
Typically, higher-order terms would be added to a quadratic
approximation. However, the functions need to be bounded by a
quadratic, so we divide by a suitable polynomial of degree two less
than the numerator. Also, instead of using different powers, i.e., 1, xi, x2i ,
we use f i;1 ðxi Þ ¼ x2i , f i;2 ðxi Þ ¼ xi ðN i  xi Þ þ , f i;3 ðxi Þ ¼ ½ðN i  xi Þ þ 2 , where
x þ ¼ maxfx; 0g. Note that f i;2 and f i;3 are zero beyond Ni, emphasizing
the interval 0 r xi r N i and increasing the sparsity of the constraint
matrix. The numerical tests in Section 6 use N i ¼ 6=ð1  ρσ ðiÞ Þ. The
three choices for j lead to 3n rational functions
∏ni¼ 1 f i;jðiÞ ðxi Þ

2ðn  1Þ ;
Pn
1 þ i ¼ 1 xi =N i

jðiÞ ¼ 1; 2; 3:

ð17Þ

(v) Piece-wise quadratic on rectangular regions
A common function approximation is to use a separate polynomial on different regions, as done in spline functions or local
polynomials. Instead of a uniform grid, we deﬁne rectangular
regions that grow exponentially as queue length grows. Let
n
o
SðyÞ ¼ x : 2yi  1  12 r xi o 2yi ; i ¼ 1; …; n
ð18Þ
for all y A Z nþ such that y a 0 and 0 ryi oM for some M.
These nM  1 sets cover the states (excluding the origin) with
xi o 2M  1 , dividing each xi into the sets f0g; f1g; f2; 3g; f4; 5; 6; 7g,
etc. The piece-wise quadratic approximation on these sets is
hðxÞ ¼ 12 x0 Q y x þ ðpy Þ0 x þ f ;
y

x A SðyÞ:

ð19Þ

The number of basis functions, or variables, in (19) is large, roughly
nM  2 n2 =2, after eliminating unneeded variables. For example, if
yi ¼ 0 or 1, then we can set qyij ¼ pyi ¼ 0 because there is only one
value of xi in SðyÞ. The numerical results in Section 6 also modify
(18) by removing the upper bound when yi ¼ M  1, so that the
sets cover all of Z nþ . With this modiﬁcation, M ¼2 corresponds to
the functions in [15]. We also consider the piece-wise linear
approximation on these regions.
(vi) Functions of one or two variables
Consider a differential cost approximation of the form
hðxÞ ¼

n
X
i¼1

hi ðxi Þ

ð20Þ

36
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using functions of one variable. To parameterize hi, use the
indicator functions ϕj ðxi Þ ¼ 1fxi ¼ jg and let
hi ðxi Þ ¼

M
1
X

r ij ϕj ðxi Þ þ r i0 ϕ0 ðxi Þ:

ð21Þ

j¼0

Note that hi(x) is arbitrary for x o M and has the form ϕ0 for x Z M.
This parameterization is used in [6] with ϕ0 ðxi Þ ¼ xi ln xi , which we
include in our tests. The number of functions in (20) is linear in the
number of classes, so that it is suitable for large problems. We use
an ad hoc modiﬁcation of (20) to improve accuracy: replace the
indicator functions ϕj with


ϕj ðxÞ ¼ 1fxi ¼ jg 1 þ γ jxðiÞ j2 BjxðiÞ j
ð22Þ
P
where jxðiÞ j ¼ k a i xk and γ Z 0, B r 1 are parameters to be chosen.
Setting γ ¼ 0 and B ¼1 recovers the indicator functions.
Our numerical tests also use functions of a single workload,
proposed in [6]. Deﬁne the workload wj(t) of station j as the expected
remaining time that it will spend serving jobs currently in the system.
The mapping from queue length to workload is wðtÞ ¼ CM  1
ðI P 0 Þ  1 xðtÞ, where M ¼ diag ðμi Þ and C is the constituency matrix
from Section 2. Because w is not integer, a different parameterization is
needed. We use a piece-wise constant hj ðwj Þ, with M intervals of
width δ plus ϕ0 ðwj Þ ¼ wj ln wj ; δ is set experimentally.
Finally, we consider functions of two variables. For a series or
Pn
reentrant line, we use the pair of variables xi and
j ¼ i þ 1 xj , for
i ¼ 1; …; n  1, known as the echelon inventory. These two variables
are commonly used in control policies in manufacturing; see [33].

5. Constraint reduction
For certain approximating functions, the constraints of the
resulting ALP can be algebraically reduced to a smaller, or at least
more easily approximated, set. The reductions achieved are
summarized in Table 1, which references the equation specifying
the functions and the section where the reduction is presented.
Without truncation, the number of constraints is inﬁnite. The
standard DP approach is to truncate the state space to xi o N. The
truncated problem contains roughly N n jAj constraints, where jAj
is the number of actions. Here C is a reduction in dimension that
depends on the problem structure, κ is the number of cones, and
jΨ j is the number of regions deﬁned in Section 5.3; there are no
more than κ jAj regions of full dimension and this can be used as a
rough guide for jΨ j. As explained in this section, the N used for
exponential and piecewise quadratic functions can be set much
smaller than in DP.
The reduced constraints achieve better dependence on the
truncation – sometimes much better. However, the number of
Table 1
Approximate number of reduced constraints.
Type of function

Approximate number of
Functions Constraints

Quadratic (12) 5.1
Exponential (13) 5.2
Two-class series queue App. A
Three-class reentrant line 5.2
Piecewise quad. on cones ALP(N) (16) 5.3
Functions of one variable (20) 5.4
(only eliminating x; 2nd term is for series
line)
Functions of two variables 5.4
(overlapping pairs)

n2 =2
n2 =2
8
14

ðn þ 1ÞjAj
Nn  C
2N þ 8 vs. 3N2

κn2 =2
nN

O(N) or OðN 2 Þ vs.
6N3
N n jAjþ njΨ j
jAj þ ð4n  4ÞN

nN2

jAjþ 8nN 2

constraints is still proportional to the number of actions, which is
generally exponential in n. If nonidling is assumed, the number of
constraints can be estimated by counting only the actions where
all servers are busy. Finally, constraint reduction is not always
available when multiple types of functions are used; exponential
and functions of one variable can be combined, as can quadratic,
exponential, and functions of two variables.
5.1. Quadratic functions
The constraints (ALP) can be reduced to a ﬁnite set for
quadratic h [15, Appendix A]. To simplify notation, consider only
deterministic routing. First, we write the constraints as
Jr

n
X

ðci xi þ αi ½hðx þ ei Þ  hðxÞ þui μi ½hðx  ei þesðiÞ Þ

i¼1

 hðxÞÞ

for all x A Znþ ; u A AðxÞ:

ð23Þ

Unlike a discounted model, only differences in h appear in these
constraints, simplifying the analysis. It is convenient to use the
substitution x ¼ z þ u, so that a control u is feasible for all z A Z nþ .
Substituting (12) into (23) yields
J r d þðcu Þ0 z
u

for all z A Znþ ; u A A

ð24Þ

where
cui ¼ ci þ

n
X

½αj qij þ uj μj ðqi;sðjÞ  qij Þ

j¼1



n  
X
1
1
u
ui cui þ μi qii þ qsðiÞ;sðiÞ  qi;sðiÞ þ psðiÞ pi
d ¼
2
2
i¼1


1
þ αi qii þ pi
2
and cu ¼ ½cui . For (24) to hold for all z, the right hand side must be
nondecreasing in zi. Hence, (24) is equivalent to
J rd

u

cui Z 0

for all u A A

ð25Þ

for i ¼ 1; …; n; u A A:

ð26Þ

If the optimal policy is nonidling, then for a given control u, (26) is
only needed for i in
P
ni :
uj ¼ 1 o
NðuÞ ¼
j:σ ðiÞ ¼ σ ðjÞ
i.e., the classes served by busy stations. Under nonidling there are
only jNðuÞj þ1 constraints for each u instead of n þ1.
5.2. Exponential functions
Constraint reduction for quadratic functions relied on the fact
that the constraints are linear in x. Depending on which exponential functions are used, constraints will be linear in some xi and
uni-min in others, allowing some constraint reduction and efﬁcient truncation. Assume that each class has at most one predecessor, i.e., routing is deterministic and routes do not merge, and
that there are no arrivals at classes that have a predecessor class. If
class i has no predecessor, set pðiÞ ¼ 0. Consider the approximation
X
1
x
hðxÞ ¼ x0 Qx þpx þ
ri βi i
2
i:pðiÞ a 0
and assume β i ¼ μi =μpðiÞ o 1.
The constraints (23) are
X
z þu
u
J r d þ ðcu Þ0 z þ
ri ðupðiÞ  ui Þðμi  μpðiÞ Þβi i i

for all z A Znþ ; u A A

i:pðiÞ a 0

ð27Þ
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where du, cu, and z ¼ x  u are from Section 5.1. Consider (27) for a
given action u and let CðuÞ be the set of classes i for which there is
z
no β i i term. For (27) to hold for all z, we must have cui Z 0 for
i A CðuÞ. Given these constraints, (27) is only needed at zi ¼ 0,
i A CðuÞ, where it is tightest. Hence, the constraints are equivalent
to cui Z 0 for i A CðuÞ and (27) for all z A Znþ such that zi ¼ 0, i A CðuÞ.
This set of constraints is still inﬁnite, but in fewer dimensions.
The reduction in dimension, C ¼ minu A A jCðuÞj, is at least the
number of classes with no predecessor and usually is larger if
nonidling is assumed. We will approximate (ALP) using the
constraints cui Z 0 for i A CðuÞ and (27) at zi ¼ 0, i A CðuÞ and
zi ¼ 0; …; N 1 for i=
2 CðuÞ for some N. Call this relaxation ALP(N).
P
n  jCðuÞj
The total number of constraints is
Þ. In our
u A A ðjCðuÞj þ N
experiments a very small truncation often sufﬁces – the solution to
ALP(N) is the same for all N Z M for some small M. This behavior
appears to be due to the fact that if the sign of ri is such that the
z
coefﬁcient of the βi i term is positive, then (27) is uni-min in zi and
the minimum typically occurs at small zi.
Constraint reduction is also possible when some of the functions (14) are used. Appendix A presents a reduction to a onedimensional set for the two-class series queue. For the three-class
reentrant line in Fig. 1, the analogous h approximation includes
(13) and (14) for i¼ 2, 3. The constraint set reduces to a twodimensional set (one-dimensional if only the functions (13)
are used).

Let Ψ ¼ fψ : X ψ a |g. There is one index ψ for each combination of
action u, quadratic region Sk0 of the current state, and quadratic
region Skl of possible next states. If transition δl does not occur
under u, then kl ¼ k0 . Note that fX ψ g contains one partition of the
state space for each action and that these partitions are ﬁner than
fSk g.
Let x ¼ z þ u and Z ψ ¼ fz : z þ u A X ψ g. For a given u and region
X ψ , the constraints are quadratic:
for z A Z ψ for all ψ

ð28Þ

ψ

k
where d , cψ , and M ψ are linear functions of fQ k , pk, f , k ¼ 1; …; κg.
ψ

The quadratic term M is symmetric. It appears because of transitions
between regions Sk. First, we remove the integer restriction by
ψ
ψ
ψ
allowing z A Z , where Z is a polyhedron, say fz A Rn : Aψ z Z b ,

Fig. 1. Three-class, two-station reentrant line.

ð29Þ

and
ψ

ψ
for all z such that Aψ z Z b and z Z 0:

J r d þ ðcψ Þ0 z

ð30Þ

The key observation is that these constraints are colinear in z and
the ALP variables. A dual can be constructed that separates z. Fixed
values of J, Qk, pk, and fk satisfy (30) if and only if, for each ψ, the LP
ðcψ Þ0 z

min

ψ

s:t: Aψ z Z b
zZ0

ψ

has optimal value wψ Z J  d , or equivalently, so does its dual
ψ

max ðb Þ0 yψ
s:t: ðAψ Þ0 yψ r cψ
yψ Z 0:

ð31Þ

ψ
Thus, (31) and wψ ZJ  d

for all ψ are equivalent to (30).
Reintroducing J, Qk, pk, and fk as variables, the dual form of (ALP) is
ðALPDÞ

max

J;Q k ;pk ;f ;yψ
ψ 0 ψ
ψ
k

ðA Þ y r c

ψ

X ψ ¼ fx A Sk0 \ Z nþ : x þ δl A Skl for all l such that pu ðx; x þ δl Þ 4 0g:

ψ

M ψ Z0

J

ψ

ðb Þ0 yψ ZJ  d

This section presents two approximate constraint reductions
for the piece-wise quadratic functions (16), one of which extends
the dual method in [16, Section 34], where they consider the
rectangular regions (18) with M¼2. The underlying ﬂuid analysis
is illustrated on a three-class reentrant line. First, we construct sets
of states in which the constraints (23) are quadratic for a given u.
We must account for transitions between the quadratic regions
fSk g. Let fδl g, l ¼ 1; …; q be the change in the state for each possible
transition, e.g., δ1 ¼  e1 þ e2 for a class 1 service completion that
moves to class 2. Introduce an indexing vector ψ ¼ ðu; k0 ; k1 ; …; kq Þ
and deﬁne

J r d þðcψ Þ0 z þ 12 z0 M ψ z

ψ

z Z 0g, whose lattice points are Z ψ . One could also approximate Z
with a larger polyhedra using fewer constraints.
The dual reduction method replaces (28) with the stronger,
simpler conditions

s:t:

5.3. Piece-wise quadratic on cones

37

ψ

M Z0
yψ Z 0:
The two approximations made were restrictions of (ALP); hence,
the optimal value J D of (ALPD) is also a lower bound, J D r J n .
(ALPD) has more than n2 =2 constraints for each ψ. It contains the
roughly κ n2 =2 variables in (16) (recall that κ is the number of
quadratic regions) plus one dual variable for each constraint used to
ψ
deﬁne the polyhedra Z . Both κ and the number of dual variables are
generally exponential in n, but the latter grows much more quickly
due to the large number of regions indexed by ψ. We propose a second
linear approximation that avoids the dual variables.
Recall that fSk g are convex polyhedral cones from the origin, so
ψ
ψ ;l
Z is unbounded. Call its extreme directions fβ g. A better
ψ ;l 0 ψ ψ ;l
approximation than (29) is ðβ Þ M β Z0 for all ψ and direcψ ;l
ψ ;l
tions β . This constraint, combined with ðcψ Þ0 β Z 0, guarantees
that (28) holds in all extreme directions. If we also required (28) at
the extreme points, we should have a good approximation of (28)
ψ
on Z (approximate because it is not linear for some ψ). Finding
the extreme directions is made easier by the fact that the extreme
ψ
directions of Z are a subset of the extreme directions of Sk0 . In
ψ
particular, Z has the ones contained in the common boundary of
ψ
Sk0 and all Skl (because there are transitions into Skl from Z Þ.
Rather than computing all the extreme points, we will include (28)
at points near the origin, say, zi o N, in Z ψ . This approximation
should be accurate for small N because the hyperplanes bounding
ψ
each Sk pass through the origin, and those bounding Z are close
to them in a certain sense: if any kl a k0 , then all points in Z ψ are
ψ
within one transition of a hyperplane separating Skl and Sk0 , so Z
lies in a thickened boundary. From the geometry of fSk g it can be
ψ
argued that hyperplanes of Z lie close to the origin. Conversely, if
ψ
ψ
all transitions from Z are to points in Sk0 , then Z is essentially Sk0
with thickened boundaries removed, which also has extreme
points near the origin.
Combining the points near the origin and the extreme directions, the approximation ALP(N) contains the constraints
ð28Þ for z A Z ψ and zi rN  1

38
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ðcψ Þ0 β
ðβ

ψ ;l 0

ψ ;l

Þ Mψ β

Z0

ψ ;l

ð32Þ

Z0

ð33Þ
ψ ;l

for all ψ and all directions β . ALP(N) has two limiting constraints
ψ ;l
for every extreme direction β , which is generally exponential in
n
n, plus N constraints (28).
To illustrate these deﬁnitions, consider the three-class, twostation reentrant line in Fig. 1. Jobs arrive at rate α to class 1.
Station 2 serves only class 2 and is the bottleneck, m2 4 m1 þm3 ,
where mi ¼ 1=μi is the mean service time for class i. Costs are
constant, ci ¼ 1, so the only decision is whether to serve class 1 or
3 at station 1. As [34] shows, when x2 ¼ 0 the ﬂuid policy makes a
trade-off between serving class 3, which starves the bottleneck,
and serving class 1, feeding the bottleneck. Class 3 is given priority
when x3 r γ x1 , where


1
m2  m1  m3
:
γ¼
1  α=μ2
m1 þ m3
When x 4 0 class 3 is served.
Although the control is constant on x 4 0, V has κ ¼ 3 quadratic
regions, depending on which of three actions will be used next on
a trajectory starting from x. The correspondence between quadratic regions and control switching sets is shown in Table 2. One
can verify that these are the three quadratic regions by following
the trajectories. Trajectories in S1 have q_ ¼ ðα; 0; μ2  μ3 Þ and enter
S2 next; S2 and S3 feed into the switching set x2 ¼ 0 and x3 ¼ 0,
which leads to x ¼0. Note that the optimal policy in S3 is not
unique; a nonidling optimal policy also exists. The extreme
directions of the quadratic regions are listed in Table 3.
To illustrate the deﬁnition of X ψ , number the service transitions
l ¼ 1; 2; 3 and the arrival transition l ¼4. Consider, for example,
u ¼ ð0; 1; 1Þ and k0 ¼ 3, i.e., x A S3 . Then k1 ¼ 3 because class 1 is not
served and k3 ¼ k4 ¼ 3 because these transitions cannot leave S3.
However, a class 2 service completion could stay in S3 (k2 ¼ 3),
enter S2 (k2 ¼ 2), or, for certain parameter values, enter S1 (k2 ¼ 1).
Speciﬁcally, if μ3 Z 2μ2 and x ¼ ð0; 1; 1Þ then x A S3 but
x þ δ2 ¼ ð0; 0; 2Þ A S1 , i.e., x A X ψ where ψ ¼ ðu; 3; 3; 1; 3; 3Þ. Because
S1 and S3 only meet at the origin, X ψ can contain only states near
the origin. Although there are κ q þ 1 jAj indices ψ, the number jΨ j of
nonempty regions is much smaller. In this example, jAj ¼ 6 and
q ¼4, giving 1458 values of ψ. If nonidling is assumed, there are at
most two actions in each state and there are only six regions of full
Table 2
Quadratic regions of the ﬂuid cost in the reentrant line example.
Quadratic region ðx 4 0Þ

Switching set visited next

αγ þ μ3  μ2
x2
μ2
αγ þ μ3  μ2
x2 and
S2 : x3 r γx1 þ
μ2
μ3  μ2
x2
x3 4
μ2
μ3  μ2
x2
S3 : x3 r
μ2

S1 : x3 4 γx1 þ

State

Station 1 serves

x2 ¼ 0,
x3 4 γx1
x2 ¼ 0,
x3 r γx1

3

x2 4 0, x3 ¼ 0

3 and idle

dimension (two actions in each Sk) and a modest number of
smaller regions.
ψ
Solving the ﬂuid model to ﬁnd fSk g and constructing fZ g
become difﬁcult for larger problems with more regions. One
alternative is to analyze the two-station ﬂuid workload relaxation
in [35], for which an optimal policy can easily be found and
translated back to the original problem. The quadratic regions for
this policy could be determined systematically by working backward from the origin and determining all sequences of control
regions that can be visited.
5.4. Functions of one or two variables
When the h approximation contains only functions of one
variable (20), the constraints in (ALP) with the truncation xi o N
have the form
n
X

f i ðxi ; uðiÞ Þ Z0

for all 0 r xi oN; u A AðxÞ

ð34Þ

i¼1

where uðiÞ is a vector containing some of the components of u. For
example, if each class has at most one predecessor, (23) implies
that uðiÞ contains ui and, if class i has a predecessor, upðiÞ . Introduce
the variables f i þ n ðuðiÞ Þ, representing the minimum of f i ðxi ; uðiÞ Þ over
xi. Then (34) is equivalent to
n
X

f i þ n ðuðiÞ Þ Z 0 for all u A A

ð35Þ

i¼1

f i þ n ðuðiÞ Þ r f i ðxi ; uðiÞ Þ

for all xi o N such that uðiÞ is feasible;

i ¼ 1; …; n:

ð36Þ

Constraint (36) is needed for those uðiÞ appearing in (35), namely,
those uðiÞ that can be augmented to give a feasible action u A A. The
constraint reduction is considerable. For a series line, uð1Þ and uðnÞ
have two feasible values and the other uðiÞ have four feasible values
(two components), giving less than ð4n  4ÞN constraints (36) and
2n  1 constraints (35). For comparison, (34) contains nearly 2n  1 nN
constraints.
Further reduction is achieved by eliminating certain ui. Note
that (36) eliminates xi because it only appears in fi. If a variable uj
appears in uðiÞ but does not appear with any other variables xk,
k a i, then uj can be eliminated in the same manner as xi. Indeed,
this elimination can be done sequentially, replacing fi one at a time
by f i þ n and considering only the remaining variables. For example,
the constraints
f 1 ðx1 ; u1 Þ þ f 2 ðx2 ; u1 ; u2 Þ þ f 3 ðx3 ; u2 ; u3 Þ Z 0; ui rxi o N; ui ¼ 0; 1
are equivalent to
f 6 ðu2 Þ r f 3 ðx3 ; u2 ; u3 Þ

for all x3 ; u2 ; u3

ð37Þ

and
1 and 3

f 1 ðx1 ; u1 Þ þ f 2 ðx2 ; u1 ; u2 Þ þ f 6 ðu2 Þ Z 0

Now that u2 does not appear with x3, eliminate x2 and u2, giving
the equivalent constraints (37),
f 5 ðu1 Þ r f 2 ðx2 ; u1 ; u2 Þ þ f 6 ðu2 Þ

Region

Extreme directions

S1
S2
S3

ð0; 0; 1Þ, ð0; μ2 ; αγ þ μ3  μ2 Þ, ð1; 0; γÞ
ð1; 0; 0Þ, ð0; μ2 ; αγ þ μ3  μ2 Þ, ð1; 0; γÞ, ð0; μ2 ; μ3  μ2 Þ
ð1; 0; 0Þ, ð0; 1; 0Þ; ð0; μ2 ; αγ þ μ3  μ2 Þ

for all x2 ; u1 ; u2

and
f 1 ðx1 ; u1 Þ þ f 5 ðu1 Þ Z 0

Table 3
Edges of the quadratic regions in the reentrant line example.

for all x1 ; x2 ; u1 ; u2 :

for all x1 ; u1 :

There are 6N  3 reduced constraints.
Note that the feasible u in this example is for a single-class
network. If the network is multiclass, a modiﬁed approach is
needed in order to determine the feasible actions in constraints
such as (37). At some point in the elimination process, suppose uj
appears in uðiÞ but does not appear with any other variables xk,
k a i. Before eliminating uj, augment uðiÞ with all other classes k
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39

that use the same server, σ ðkÞ ¼ σ ðjÞ, and appear in the constraint
after fi is eliminated.
This method can be extended to functions of two or more
variables using ideas from factored MDPs. An MDP on a state space
X is factored if

Section 6.2 and for larger approximation architectures in Section
6.3. Performance of the ALP policy is covered in Section 6.4.

X ¼ X1  X2  ⋯  Xs

The ALPs were solved using QNET Approximator, available at
www.math-cs.gordon.edu/qna, and CPLEX, except that the arrival
routing problem was solved using a specialized program. Constraint reduction was only implemented for quadratic functions;
all other ALPs use the constraint sampling and limiting constraint
method described in Appendix B. Sample sizes were set by
increasing sample size until the change in average cost was small.
The DPs were solved using value iteration on a truncated state
space, stopping at an error tolerance of 0.001. Most of the DP
results use the program at www.math-cs.gordon.edu/  senning/
qnetdp. Truncations for the DP were set by checking sensitivity,
with an accuracy goal of 0.1%. For the larger examples, distinct
truncations were set for each variable xi.
ALP run times for quadratic functions and functions of one
variable were quite fast. A 17 class series line with quadratic
approximation was solved in 132 s using CPLEX version 10 on a
64-bit, 3.4 GHz processor with 6 GB of RAM, including generating
and solving the LP. All other run times are for CPLEX version 12 on
a 1.86 GHz dual-core processor with 6 GB of RAM and do not
include generating the LP. For functions of one variable, the 11class network with 199 variables was solved in 238 s. In comparison, the DP for the four-class series queue took 96 s for the
smallest run with an error less than 15%, 352 s for an error less
than 5%, and 1168 s for an error less than 1%. It was run using a
parallel implementation on a cluster of eight workstations; the
reported time is clock time multiplied by eight. Generally, the ALP
is much faster at low levels of accuracy but loses its advantage as
the accuracy requirement increases. The main reason is that the LP
solution time increases more rapidly with the number of variables
than does DP.
Examples include MQNETs (as modeled in Section 2), arrival
routing, and a system with a cross-trained server. The ALP and
quadratic constraint reduction are easily modiﬁed for these other
networks. Parameter values are shown in Table 4. Series queues
with more than four classes are also used; like the four-class
example, μ ¼ ð1 þ 0:1ðn  1Þ; …1Þ and c ¼ ð1; …; 2Þ, with the μi and ci
equally spaced. In the parallel server “N” network from [36], there
are two classes and two servers. Server 1 can only serve class 1.
Server 2 can serve class 1 or class 2. In the arrival routing problem
from [37], arrivals must be immediately routed to one of two
classes, each with its own server. The reentrant line of Fig. 1 is
studied in [38,34]. The Rybko–Stoylar network, shown in Fig. 2, is
considered a challenging example because some static priority
policies are not stabilizing. The six-class, two-station network of
Fig. 3 is a modiﬁcation of [39] studied in [40].
An 11-class, four-station network with reentrant ﬂow and rework,
typical in manufacturing applications, is taken from [31, Figure 7.1 and

6.1. Methods and examples

s

pu ðx; yÞ ¼ ∏ pðjÞ
uðjÞ ðxðjÞ ; yðjÞ Þ
j¼1

and cost is additive over xðjÞ . Here Xj contains a subset of “local”
state variables of X and xðjÞ , uðjÞ are vectors containing some of the
components of x and u. The factored assumption allows a more
compact representation of the MDP, but it is no easier to solve
because the differential cost needed in (1) does not factor. Turning
to ALP, if each ϕk is a function of some xðjÞ , then h is also “factored”
and the constraints in (ALP) can be written as a sum of functions of
the factored state variables and actions
s
X

f j ðxðjÞ ; uðjÞ Þ Z 0

for all x A X; u A AðxÞ:

ð38Þ

j¼1

Returning to the MQNET problem, no factored representation
of the transition probabilities appears possible, particularly after
uniformization. However, computing the expectation ðP u hÞðxÞ is
not difﬁcult and it sufﬁces that the cost c0 x and the h approximation “factor”. As in the example above, one can sequentially
eliminate fj's and their unique variables. For brevity, we only
describe functions of overlapping pairs of variables,
xðjÞ ¼ ðxj ; xj þ 1 Þ, j ¼ 1; …; n  1. Eliminating just the x variables, (38)
is equivalent to
n
1
X

f i þ n ðui ; ui þ 1 Þ Z 0

for all u A A

ð39Þ

i¼1

f i þ n ðuðiÞ Þ r f i ðxi ; xi þ 1 ; uðiÞ Þ

ð40Þ

for all ui r xi oN, ui þ 1 r xi þ 1 o N, and uðiÞ feasible for
i ¼ 1; …; n  1. As described above for functions of one variable,
certain uj can also be eliminated after augmenting uðiÞ with other
classes that use the same servers. There are roughly N2 constraints
in (40) for each uðiÞ and jAj constraints in (39). For the series line,
there are at most 8 feasible uðiÞ (three components).

6. Numerical results
ALPs were solved for a variety of networks with up to 11 classes
and series lines with up to 17 classes. For the smaller examples,
average cost error was computed by also solving the DP. The
numerical methods and examples are described in Section 6.1.
Results for the smaller approximation architectures are given in

Table 4
Parameters of the examples.

Series queue (μ1 4 μ2 )
Series queue (μ1 o μ2 )
Series queue (μ1 ¼ μ2 )
2-Class “N”
Arrival routing
3-Class reentrant line
4-Class series queue
Rybko–Stolyar
6-Class network

α

μ

c

ρmax

1
1
varies
1:2; 0:4
1
0.1429
0.8
:0672; :0672
6=140; 6=140

1:5; 1:25
1:15; 1:4
1, 1
1, 1, 1
0:65; 0:65
0:6; 0:16; 0:25
1:3; 1:2; 1:1; 1:0
0:12; 0:12; 0:28; 0:28
1=4; 1; 1=8; 1=6; 1=2; 1=7

1,2
1,3
1, 2
1, 1
1, 2
1,1,1
1; 4=3; 5=3; 2
1; …; 1
1; …; 1

0.8
0.87
–
0.8
0.77
0.89
0.8
0.8
0.6

40
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Section 7.2.1] and adapted to our problem setting. Station 1 serves
classes 1–4, station 2 serves 5–9, station 3 serves 10, and station
4 serves 11. Station 5 in [31], which serves one class and has low
trafﬁc intensity, is omitted. Job type 1 follows a route through classes
1, 5, 9, and 4. Job type 2 is routed 2, 6, 10, 11 or 8, 3, 7. The routing
from class 10 is probabilistic, with p10;8 ¼ 1  p10;11 ¼ 3=19. In class 11
or 8, class 3 is visited next. There is also probabilistic routing from
class 7 to class 10, with p7;10 ¼ 0:2 representing rework. The other
parameters are α1 ¼ α2 ¼ 19, μ ¼ ð65; 130; 65; 130; 75; 150; 75; 150
; 75; 25; 37:5Þ, c¼ 1, and ρ ¼ ð0:95; 0:975; 0:95; 0:533Þ.
6.2. Quadratics and functions of one variable
Accuracy of the average cost bound for quadratic approximation and for functions of one queue length is shown in Table 5. The
quadratic approximation is not very accurate, particularly for the
series queues. However, Section 6.4 shows that accuracy improves
in light trafﬁc or single-bottleneck heavy trafﬁc. Adding functions
of one queue length, (21) and (22), improves accuracy to 12–30%.
For the 11-class network, optimal average cost is not available, but

Fig. 2. The Rybko–Stolyar network.

it appears that functions of one variable are not very effective. We
used M ¼10 functions ϕj and ϕ0 ðxi Þ ¼ xi ln xi for each class and
parameters γ ¼ 0:05 and B ¼0.95 in (22). An LP size of 13  6
indicates 13 constraints and 5 basis functions plus the variable J.
The ALPs with functions of one variable contain a large number of
constraints because constraint sampling was used.

6.3. Larger approximation architectures
Extensive tests were conducted using the additional approximating functions in Section 4 to investigate the trade-off between size
and accuracy using ALP. Results for three progressively larger
examples are shown in Figs. 4–6. Of the many approximations tested,
only those with good accuracy for their size are graphed. Piece-wise
quadratics on cones were not included in the tests. For comparison,
a simple “indicator” approximation is shown that uses quadratic
functions and indicator functions on individual states with total
P
queue length up to some M, i.e., in states x such that ni¼ 1 xi rM.
The optimality equation is satisﬁed in these states. The accuracy of
using DP on a truncated state space, xi o N for some buffer limit N, is
also shown. The DP has one variable for each state, so the horizontal
axis compares the number of variables.
For these examples, the best ALPs shown achieve the same
accuracy as the truncated DP with roughly two orders of magnitude fewer variables. The ALP does not do quite as well in the sixclass example, where the smaller trafﬁc intensity of 0.6 makes the
problem easier for DP. The ALPs have the greatest advantage when
the accuracy requirement is modest, such as 10 or 20% error. For
the four and six-class examples, ALPs with error of less than 4 or
5% could not be solved with the available memory, i.e., results
were still sensitive to sample size for the largest sample size that
could be run.

Fig. 3. A six-class network.

Table 5
Accuracy of the ALP average cost.
Network

Optimal average
cost

Error in ALP J (size of LP)
Quadratic

Series queue
(μ1 4 μ2 )
Series queue
(μ1 o μ2 )
2-Class “N”
Arrival routing
3-class reentrant
line
4-Class series
queue
Rybko– Stolyar
6-Class network
11-Class network

a

9.31
13.50
4.54
5.54
11.47
16.30
6.87
2.56
–

 40% ð13  6Þ

Quadratic þ one
var

 13%
ð300 K  28Þ
 27% ð13  6Þ
 14%
ð300 K  28Þ
 12:0% ð11  6Þ  11:9%
ð60 K  28Þ
 19%ð13  6Þ
–
 19% ð18  10Þ  17%
ð209 K  43Þ
 52% ð80  15Þ  30%
ð100 K  59Þ
 32% ð45  15Þ  28%
ð200 K  59Þ
 19% ð89  28Þ  15%
ð200 K  94Þ
31:71a
31.88a
ð1440  78Þ
ð446 K  199Þ

Fig. 4. Accuracy and size of ALPs, three-class reentrant line.

Average cost.
Fig. 5. Accuracy and size of ALPs, four-class series queue.
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ρ ¼ α=μ2 was varied while keeping μi ﬁxed at the values for the
μ1 4 μ2 example in Section 6.1. The data below the line at

Table 6 lists the approximation architectures with the best sizeaccuracy trade-off. The parameters listed are

1.0 shows the accuracy of the lower bound, i.e., J =J n , and the data
above 1.0 shows the performance, i.e., J u =J n . The percent error
vanishes in light trafﬁc. The data suggests that percent error also
vanishes in heavy trafﬁc. This is not surprising, since there is a
single bottleneck at station 2. The quadratic ALP is known to give a
tighter bound than the achievable region method, which is known
to have a vanishing percent error in heavy trafﬁc. Performance of
the ALP policy is within 10% of optimal except in heavy trafﬁc.
Performance of the quadratic approximation is not shown at trafﬁc
intensity above 0.75 because its policy is unstable. Surprisingly,
the exponential approximation (A.1) sometimes has poorer performance than the quadratic, even though it includes quadratic
functions.
The quadratic ALP policy for this example has a simple form:
server 1 is busy when x2 r 1 and x2 4 0. Using a quadratic and the
x
function β 2 , where β ¼ μ2 =μ1 ¼ 0:8333, the policy for this approximation at α ¼ 1 is shown in Fig. 8. Both the ALP and optimal policy
have switching curve form: for a given x1, server 1 idles when x2 is
below the switching curve. The ALP switching curve is quite close
to the optimal switching curve and has an average cost just 1%
above optimal. However, such close ﬁts do not appear to be the
norm; using (A.1), which has two more exponential terms, has a
nearly ﬂat switching curve at x2 ¼ 5, which does not track the
optimal switching curve as closely, and an average cost 9% above
optimal.

 βi , the base for the exponential functions (13) and (14).
 Ni, the maximum queue length for the rational functions (17).
 M, which controls the number of functions of one or two
variables (18) or piece-wise quadratic and linear (21).

 γ , B for the functions of one or two variables (22).

The functions of one variable are functions of queue length and
the functions of two variables, or “pairs”, are functions of queue
length and echelon inventory. For the six-class network, functions
of workload also improved accuracy and are used in one run in
Fig. 6. Adding exponential functions and functions of one variable
increased the average cost bound 6% compared to just quadratics
for the 11-class network. These results suggest an order for adding
functions to the approximation architecture: (i) quadratics, (ii)
exponential functions, (iii) rational functions (for smaller networks), (iv) functions of one or two variables, and (v) piece-wise
linear or quadratic (PWL/PWQ) on rectangular regions.
6.4. Performance
Performance of the h-greedy policy for the ALP solution h,
found using value iteration for this ﬁxed policy, was tested for
the two-class series queue. The quadratic and exponential approximations (A.1), called EXP3, were used. In Fig. 7, trafﬁc intensity

Fig. 7. Performance of the ALP policy, two-station series queue, μ1 4 μ2 :

Fig. 6. Accuracy and size of ALPs, six-class network.

Table 6
Percent error and solution time for the best ALPs.
Approximation

β

3-Class reentrant line
Quad þ exp
Quad þ expþ rat'l
Quad þ expþ rat'lþ one var
Exp þ rat'lþ PWQ

0:9;
0.9,
0.9,
0.9,

4-Class series queue
Quad þ exp
Quad þ expþ rat'l
Quad þ expþ rat'lþ pair
Quad þ expþ rat'lþ PWL

0.9
0.9
0.9
0:9

6-Class network
Quad þ expþ pair
Quad þ expþ PWL

0.5
0:5

3
2

0.05

11-Class network
Quad þ expþ one var

0:5

5

0

a

Average cost.

N

0:27; 0:9
0.27, 0.9
0.27, 0.9
0.27, 0.9

M

31, 56, 31
31, 56, 31
31, 56, 31
15, 18,
15, 18,
15, 18,
15, 18,

21,
21,
21,
21,

5
4
30
30
30
30

γ

B

0

Error

Var's

 12:7
 5:6
 2:7
 1:4

22
49
64
295

20
47
32
93

 22:6
 7:6
 5:9
 4:8

35
116
195
308

23
67
89
180

0.95

 8:3
 3:9

121
331

26
242

1

33.64a

276

681

0.85

5
3

Time (s)
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The performance of both ALP policies is better, with error under
5%, for the series queue with μ1 o μ2 and with μ1 ¼ μ2 . Trafﬁc
intensity affects error in a similar way when the piecewise
quadratic approximation (16) is used for the three-class reentrant
line, again with a single bottleneck station. However, for the series
line with μ1 ¼ μ2 which has two bottlenecks, as trafﬁc intensity
increases, the accuracy of the ALP bound continues to degrade.

reinforcement learning has used adaptive state aggregation and
local approximating functions; see [44]. Their method attempts to
automate what we did empirically, in examining Bellman error to
construct new functions. Non-parametric ADP methods have also
been developed recently that avoid choosing approximating functions. For example, [5] uses constraint sampling and solves the
dual of a nonparametric form of the smoothed ALP in [7]. They
report performance for the Rybko–Stolyar example described in
Section 6 with discounted cost. It would be interesting to develop
such a method for average cost bounds.
Much more could be done to solve the ALP efﬁciently. In [14],
ALPs with quadratic approximation and up to 40 buffers are solved
using column generation on the dual. An open question is whether
column selection can be done efﬁciently for other approximation
architectures. The number of constraints could also be reduced by
implementing the restriction to nonidling policies (Section 5.1),
heuristic policy restrictions, and the constraint reduction methods
of Sections 5.2–5.4. When constraint sampling is needed, better
distributions could be obtained, e.g., by simulating a heuristic
policy. Average cost ALPs are very sensitive to limiting constraints;
a Lagrangian relaxation approach as in [7] might address this
issue. Using customized LP algorithms as in [7] could also be
valuable. It should be noted, however, that the ALPs (other than
the quadratic approximation) do not scale to very large networks
because of the number of functions. In that setting, methods that
decompose the problem into smaller networks, simulation-based
methods, or ALPs with quadratic approximations are more appropriate and one should expect looser bounds or policies.

7. Conclusion

Acknowledgments

We have demonstrated the feasibility of using ALP to compute
useful lower bounds on optimal average cost for moderate size
networks:

The numerical work in this paper was done by my colleague
Jonathan Senning and our students Taylor Carr, Adam Elnagger,
Christopher Pfohl, Lauren Berger, Lauren Carter, Jane Eisenhauer,
Jeff Fraser, Michael Frechette, Melissa LeClair, Lauren Meitzler, Josh
Nasman, and Nathan Walker. I would also like to thank Sean Meyn
for his many suggestions. This work was supported in part by
National Science Foundation Grant 0620787.

Fig. 8. Policy for the ALP with quadratic and βx2 functions, series line ðμ1 4 μ2 Þ.
Server 1 idles below the switching curve.

 The bounds are tighter than previous bounds, surveyed in [41].









Even the simplest, quadratic ALP gives tighter bounds than the
achievable region LP in [3,42]; see [43]. This ALP was solved
quickly for up to 17 buffers.
Accuracy of 1–5% was achieved for networks with up to six
buffers by adding other approximating functions. They are
signiﬁcantly more accurate than any functions previously
proposed, but at the cost of using more functions. An order
for systematically adding functions to improve accuracy was
developed.
The best ALPs require much less computation than DP value
iteration to achieve a given accuracy; however, this advantage
diminishes when more accuracy is desired.
Constraint reduction techniques improve the tractability of
ALPs with certain functions.
Constraint sampling did not perform as well as expected: a very
large number of constraints were required. A hybrid constraint
sampling and truncation method allows a smaller number of
sampled constraints to be used.
A useful policy can also be obtained for some, but not all,
networks.

Some tuning of the approximation architecture was done to
achieve the most accuracy in examples, and further tuning could
be done. However, the set of functions and order for adding the
functions appears fairly robust, i.e., it gives an average cost bound
with good accuracy on this class of problems. Some of the
functions are likely to be useful for value function approximation
in other problem settings. A major question is how to automate
the choice of functions. Work on this problem in the context of

Appendix A. ALP constraints for the series queue
This appendix derives and reduces the ALP constraints for the
series queue and the differential cost approximation
hðxÞ ¼ 12 x0 Qx þpx þ r 1 β 22 þ r 2 x1 β22 þ r 3 x2 β 22 :
x

x

x

ðA:1Þ

Assume c1 oc2 , so that only station 2 is nonidling, and μ2 r μ1 . Set
β β2 ¼ ðμ2 =μ1 Þ, α α1 (the arrival rate), and recall that x ¼ z þ u.
For this problem, (23) is




J r c0 x þ α hðx þ e1 Þ  hðxÞ þ u1 μ1 hðx  e1 þ e2 Þ  hðxÞ


ðA:2Þ
þ u2 μ2 hðx  e2 Þ  hðxÞ :
Substituting (A.1) into (A.2), (A.2) has the form
J r d þðcu Þ0 z þðζ þ ðξ Þ0 zÞβ
u

u

u

z 2 þ u2

ðA:3Þ

for all z A Z 2þ
u u
u

and all u that are nonidling at station 2. Next we express
d , c , ζ and ξu as linear functions of the variables p, Q, and r.
The terms in (A.2) are

1
x
hðx þ e1 Þ  hðxÞ ¼ q11 x1 þq12 x2 þ q11 þ p1 þ r 2 β 2
2
1
1
hðx  e1 þ e2 Þ  hðxÞ ¼ ð q11 þ q12 Þx1 þ ðq22 q12 Þx2 þ q11 þ q22  q12
2
2
 p1 þ p2  r 1 ð1  β Þβ 2  r 2 ½ð1  β Þx1 þ β β 2  r 3 ½ð1  β Þx2  ββ
x

x

x2
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1
μ
x
hðx  e2 Þ hðxÞ ¼  q12 x1  q22 x2 þ q22  p2 þ r 1 1  1 β 2
2
μ2




μ
μ1
μ x
x
þr 2 x1 1  1 β 2 þ r 3
 1 x2  1 β 2 :

μ2

μ2

ð1;1Þ

For the control u ¼ ð1; 1Þ, ξ

43
ðð1;1Þ

depending on the value of ζ
it could be tightest at any z2.
Thus, we will approximate (ALP) by including (A.3) at z1 ¼ 0,
z2 ¼ 0; …; N  1 for some N. Now consider u ¼ ð0; 1Þ. For each z2,
the z1 coefﬁcient must be nonnegative

μ2

ð0;1Þ

þ βξ1
cð0;1Þ
1

¼ 0 and

βz2 Z0:

cð1;1Þ
¼ c1  ðμ1  αÞq11 þ ðμ1  μ2 Þq12
1

Because of the monotonicity in z2, this is equivalent to

cð1;1Þ
¼ c2  ðμ1  αÞq12 þ ðμ1  μ2 Þq22
2
1
1
ð1;1Þ
d
¼ cð1;1Þ
þ cð1;1Þ
þ ðα þ μ1 Þq11  μ1 q12 þ ðμ1 þ μ2 Þq22
1
2
2
2
ðμ1  αÞp1 þ ðμ1  μ2 Þp2

þ βξ1
cð0;1Þ
1

ð0;1Þ

Z0

cð0;1Þ
Z0.
1

and
we have

ðA:5Þ

Letting z2 -1 in (A.3) gives another constraint, so

ζ ð1;1Þ ¼  r 2 ðμ2  αÞ r 3 ðμ1  μ2 Þ:

Z 0;
cð0;1Þ
i

For u ¼ ð0; 1Þ,

Given (A.5) and (A.6), (A.3) is tightest at z1 ¼ 0 but, depending on
ζ ð0;1Þ and ξð0;1Þ
, could be tightest at any z2, so we include (A.3) at
2
u ¼ ð0; 1Þ, z1 ¼ 0, and z2 ¼ 0; …; N  1. Next, for u ¼ ð1; 0Þ we must
have z2 ¼ 0. For (A.3) to hold as z1 -1, we must have

¼ c1 þ q11  2 q12
cð0;1Þ
1
cð0;1Þ
¼ c2 þ q12  2 q22
2
ð0;1Þ
d
¼ cð0;1Þ
þ 12 q11 þ 12 2 q22 þ p1  2 p2
2
ð0;1Þ
¼ r2 ð 1  2 Þ
1
ð0;1Þ
¼ r3 ð 1  2 Þ
2
ð0;1Þ
ð0;1Þ
¼ 2 þ r1 ð 1  2 Þ þ r2  r3 1 :

α
α

μ
μ

α

ξ
ξ
ζ

μ
μ

μ

α

μ

μ

μ

α

ð1;0Þ

¼ 0, ζ

ð1;0Þ

¼0

cð1;0Þ
¼ c1  ð 1 
1
ð1;0Þ
¼ cð1;0Þ
þ 12 ð
d
1

μ

αÞq11 þ μ1 q12  r2 ðμ1  μ2 Þ
α þ μ1 Þq11  μ1 q12 þ 12 μ1 q22  ðμ1  αÞp1 þ μ1 p2
 r 1 ðμ1  μ2 Þ  r 2 ðμ2  αÞ þ r 3 μ2 :

Finally, for u ¼ x ¼ ð0; 0Þ, ζ
d

ð0;0Þ

¼ 12

Appendix B. Constraint sampling

¼ 0 and

αq11 þ αp1 þ αr2 :

Now we reduce the constraints (A.3). For u ¼ ð1; 1Þ, ξ
as zi -1 we must have
cð1;1Þ
Z0;
i

ð1;1Þ

¼ 0, so
ðA:4Þ

Given (A.4), (A.3) is tightest at z1 ¼ 0 for each z2. However,
Table B1
Accuracy of constraint sampling for the series queue (μ1 4 μ2 ). Reported error is the
mean of ﬁve runs compared to the ALP without sampling.

Quadratic
Quad þ exp
Quad þ rat'l
Quad þ expþ rat'l
Quad þ one var

In constraint sampling, only a weighted sample of the constraints in (ALP) is used. We sampled states according to the
probability distribution
n

i ¼ 1; 2:

Constraints
approximation

ðA:7Þ

In light of (A.7), (A.3) is tightest at z1 ¼ 0, so we include (A.3) at
u ¼ ð1; 0Þ and z ¼ ð0; 0Þ. Finally, we include (A.3) at u ¼ z ¼ ð0; 0Þ.
To summarize, the approximate reduced ALP contains the
2N þ 8 constraints (A.3) at u ¼ ð1; 1Þ; z1 ¼ 0, z2 ¼ 0; …; N  1;
u ¼ ð0; 1Þ; z1 ¼ 0, z2 ¼ 0; …; N  1; u ¼ ð1; 0Þ; z ¼ ð0; 0Þ; and u ¼ z ¼
0; plus (A.4)–(A.7).

μ

For u ¼ ð1; 0Þ, we must have z2 ¼ 0 and ξ1

ð0;0Þ

ðA:6Þ

Z 0:
cð1;0Þ
1

μ
μ

ξ

i ¼ 1; 2:

Sampling error, %
200

500

1000

2000

0
10.8
2.5
1.5
7.6

0
3.4
0.8
0.6
3.0

0
0.1

0

1.4

0.6

π ðxÞ ¼ ∏ ð1  ρ i Þρ xi i :
i¼1

However, because it may be difﬁcult to generate enough unique
states, 1  ρ i is repeatedly reduced by a constant factor during
sampling to spread the distribution. For most runs, the initial value
of ρ i is the trafﬁc intensity of station σ ðiÞ. Where noted, the value
0.5 was used because it performed better. When a state x is
sampled, constraints for all actions u A AðxÞ are generated. Also,
constraints for the 2n states with xi ¼ 0 or 1 are generated before
sampling because of their potential importance.
Table B1 shows that even for the two-class series queue, the
sample size required for a small average cost error due to sampling
depends signiﬁcantly on the approximation architecture. Exponential functions (13) and (14) with β ¼ ð0:9; 0:8333Þ, the rational
functions (17) with N i ¼ 12, and functions of one queue length (21)
with M¼10 and no ϕ0 are used. The sampling distribution was

Table B2
Accuracy of constraint sampling with limiting constraints, series queue. Error is the mean of ﬁve runs compared to the most accurate run available.
Constraints
approximation

4-Class series queue
Quadratic
Quad þ exp
Quad þ expþ rat'l
Quad þ one var
8-Class series queue
Quadratic
Quad þ exp
Quad þ one var
a

Mean of two runs.

Sampling error (with limiting constraints), %
5000

10,000

50,000

100,000

500,000

106

2  106

1:2ð0:0Þ

0.9

0.5
1:1ð0:6Þ

0.26
2:6ð1:9Þ
0:28ð0:19Þ

1:6ð1:1Þ
0.21a(0.08)

0:6ð0:3Þ

1:6ð0:09Þ

2:2ð1:0Þ
0:09ð0:09Þ

0.4
5:9ð3:9Þ
0:7ð0:5Þ

13.4
22:9ð5:5Þ
15:7ð5:7Þ

6.5
9:7ð0:8Þ
3:7ð0:9Þ

4.7
8:9ð0:0Þ
1:6ð0:0Þ

2.8a

ð0:0Þ
ð8:8Þ
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initialized with ρ i ¼ 0:5. There is no sampling error with quadratic
approximation; the xi ¼ 0 or 1 constraints and a few randomly
sampled constraints are sufﬁcient.
Table B2 shows sampling error for two larger examples. For
both examples, βi ¼ 0:9 and N i ¼ 12. For the four-class series
queue, M¼10 and ρ i ¼ 0:5. For the eight-class series queue, the
data are α ¼ 1, μ ¼ ð1:75; …; 1:25Þ, and c ¼ ð1; …; 2Þ, with the μi and
ci equally spaced, and the parameters are M¼5 and ρ i ¼ α=μi .
Again the sample size required is highly dependent on the
approximation architecture. Exponential functions require two
million constraints for a sampling error of less than 1% in the
four-class series queue. Actual errors are somewhat larger than
reported for the non-quadratic cases because error is calculated in
comparison to the best available run (the smallest average cost).
For example, the four-class quadratic plus exponential row is in
comparison to the minimum of 10 runs made with two million
constraints. In Tables B1 and B2, the coefﬁcient of variation of the
error is small, generally less than 0.2, so that the mean of ﬁve trials
is a reasonable estimate.
To reduce sampling error, we used a hybrid sampling and
truncation method. The rationale for this method is that constraints tend to vary slowly and consistently with x for a given u.
Sampling and truncation both tend to miss the effect of constraints
at large x. The limiting constraints results in Table B2 add constraints, for each u, at the 2n  1 states x a u such that xi ¼ ui or N .
The idea is that for large N , these constraints approximate a
limiting constraint in various directions in the state space. To
avoid numerical issues, N ¼ 500 was used (10,000 for quadratic
functions and eight-class with quadratic plus one variable). The
limiting constraints were not included in the number of constraints reported. Table B2 shows that limiting constraints can
reduce the sample size required by an order of magnitude or more.
The limiting constraints virtually eliminate sampling error for the
quadratic approximation because they emulate (25).
The results in Section 6 use truncation for examples with two
or three classes and constraint sampling for larger examples. The
ALP truncations were set by checking the sensitivity of average
cost to the truncation in an effort to keep truncation error less
than 1–2% and similarly for sample size. Sensitivity was checked
for each network and many approximation architectures; however, once truncations or sample size were set, they were used for
similar approximation architectures. Limiting constraints at
N ¼ 500 were used for the three-class reentrant line, four-class
series queue, Rybko–Stolyar, six-class, and 11-class examples in
Section 6.2. For the two-class series queue, the truncation (400,
400) was used, i.e., the constraints for x1 r 400 and x2 r 400. For
the “N” network, the truncation was (100, 100) and for the threeclass reentrant line (40, 80, 20). The following number of constraints was used in Section 6.2. For the four-class series queue,
100,000 constraints were sampled; 200,000 were sampled for the
Rybko–Stolyar, six-class, and 11-class networks. In all but the 11class network, the number of limiting constraints is relatively
small and they are not included in the constraint count. For the 11class network, there were 200,000 sampled constraints plus
246,000 limiting constraints; the xi ¼ 0 or 1 constraints were too
numerous to include. In Section 6.3, where more approximating
functions are used, the number of constraints sampled was
increased to 200,000 for the four-class series queue but reduced
to 100,000 for the six-class network to reduce run times.
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